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Abstract 

For a class of singular divergence type quasi-linear parabolic equations with a Radon measure on 
the right hand side we derive pointwise estimates for solutions via the nonlinear Wolff potentials. 



1 Introduction and main results 

In this note we give a parabolic version of a by now classical result by Kilpelainen-Maly [7] , who proved 
pointwise estimates for solutions to quasi-linear p-Laplace type elliptic equations with measure in the 
right hand side. The estimates are expressed in terms of the nonlinear Wolff potential of the right hand 
side. These estimates were subsequently extended to fully nonlinear equations by Labutin [5] and fully 
nonlinear and subelliptic quasi-linear equations by Trudinger and Wang |16) . The pointwise estimates 
proved to be extremely useful in various regularity and solvability problems for quasilinear and fully 
nonlinear equations [HI EH [13 US]- An immediate consequence of these estimates is the sufficient 
condition of local boundedness of weak solutions which, as examples show, is optimal. 

For the heat equations the corresponding result was recently given in [F] . The degenerate case p > 2 
was studied recently in |10j . Here we provide the pointwise estimates for the singular supercritical case 
^FT<P<2- 

Let f2 be a domain in R", T > 0. Let /i be a Radon measure on f2. Let < p < 2. We are concerned 
with pointwise estimates for a class of non-homogeneous divergence type quasi-linear parabolic equations 
of the type 

(1.1) u t -divA(x, t, u, Vu) =n in T = fl x (0, T), SlcM". 
We assume that the following structure conditions are satisfied: 

(1.2) A(x,t,u,0( > c!|cr (er, 

(1.3) \A( X ,t,u,c)\ < c 2 \cr\ 

with some positive constants c±,C2- The model example involves the parabolic p-Laplace equation 

(1.4) u t -ApU = fi, (x,t)en T - 



Before formulating the main results, let us remind the reader of the definition of a weak solution to 
equation p. ID . 

* Corresponding author 
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We say that u is a weak solution to (H) if u E V(Q T ) ■= C*([0, T]; Lf oc (fl)) n Lf oc (0, T; W^(Q)) and 
for any compact subset /C of f2 and any interval [£1,^2] C (0, T) the integral identity 





*2 




/ uipdx 






Ik 


tl 





(1.5) y u^dai + j j {—u(p T + A(x,t,u,Vu)\7ip}dxdT = j j ipfj,(dx)dr. 

for any ip € W^(0, T; C{K)) n£f oc (0, T; W l > p (K.)). Note that ^ is required to be continuous with respect 
to the spatial variable so that the right hand side of (| 1 . 5|) is well defined. 

The crucial role in our results is played by the truncated version of the Wolff potential defined by 

" R ffi(B r (x))\ ^ dr 



(1.6) W£(x,R) 



j,n—p 



In the sequel, 7 stands for a constant which depends only on n,p, c\, c-i which may vary from line to 
line. 

Theorem 1.1. Let u be a weak solution to equation (jl.ll) . Let j3 = p + n(p — 2) > 0. There exists 7 > 

depending on n 1 c\ 1 C2 and p, such that for almost all (xo,^o) £ there exists Rq > satisfying the 
x 1 

condition Rq < min{l,£Q , (T — to)?} such that for all R < Rq the following estimates hold 

1 

\ 3-p 



' :i : 1 R + [rp^ J J b (0 t) u + dxdt J + w p^"- 2/7 ] } 

(ii) u(x ,to) <j<R 2 + f ^- ess sup / u+dx ) +Vt^(x ,2i?) 

I V-K 0<i<T Js R / 

Estimate (i) is not homogeneous in u which is usual for such type of equations 0]. The proof 
of Theorem 11.11 is based on a suitable modifications of De Giorgi's iteration technique [1] following the 
adaptation of Kilpelainen-Maly technique [7] to parabolic equations with ideas from [TT] [T3] . 

The following test for local boundedness of solutions to (jl.ip is an immediate consequence of Theo- 
rem [TTTJ 

Corollary 1.2. Let u be a weak solution to equation (|1.1|) . Let < p < 2. Assume that there exists 
R > smc/i i/iat 



sup W^(a;,i?) < 00. 



Then u G L™ c {fl T ). 



Remark 1.3. 1. The range of p in the above results is optimal for the validity of the Harnack inequality 
(cf. [5]), however for weak solutions of the considered class it is plausible to conjecture that the results are 
valid for ^2 < P < 2, although it may require some additional global information as in [21 Chapter V]. 

2. Stationary solutions of (jl.ip solve the corresponding elliptic equation of p-Laplace type with 
measure on the right hand side, and the Kilpelainen-Maly upper bound is valid for them [12]. The 
difference with our result in Theorem 1 1 . If ii) is in the additional term R 2 on the right hand side of the 
estimate. It is not clear yet whether this is a result of the employed technique or it lies in the essence of 
the problem, as even for the homogeneous structure (/i = 0) a similar term is present in the estimates 
(cf. [1 Chapter V]). 



The rest of the paper is organized as follows. In Section 2 we give auxiliary energy type estimates. 
Section 3 contains the proof of Theorem 11.11 In Section 4 we provide an application giving the global 
supremum estimate for the solution to a simple initial boundary problem. 
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2 Integral estimates of solutions 



We start with some auxiliary integral estimates for the solutions of which are formulated in the 

next lemma. 
Define 



(2.1) 



G(u) 



u for u > 1, 

M 2-2A for < U < 1. 



Set 



Qf (y, s) = B p (y) x (s - 6 2 ~^, s + S^ff) C fir, p < JL 



Lemma 2.1. Let i/ie conditions of Theorem \1.1\ be fulfilled. Let u be a solution to (jl.ip . Let £ G 

Oo°(Q p S) (y,s)) &e swc/i i/iai £(x,t) = 1 /or (x,t) G Q p %(y,s) and |V£| < |, |&| < c<5*>-V p /or some 
c > 0. TTien i/iere exists a constant 7 > depending only on n,p 1 c\,C2 such that for any 1,5 > 0, any 
cylinder Q p S \y , s) there holds 



G 



L(t) 



< 7 — 



u(x,t) —l\^k, ,\ , 

1 <T(a:,£)c:x + 



(5 P 

C- 1 dxdT + 7— 



1 + 



it — I 



-1+A 



1-A 



- 1 



-2A 



|VM| p £ fc (x,r)dxdT 



it — I 



2 A 



p-1 



^- p dxdT 



(2.2) +7P^ 3 -V(L? P (y)), 

w/iere L = Qj^y, s) D {u > I}, L(t) = L D {t = t} and A G (0, 1/2), fc > p. 

Proof. Further on, we assume that Ut G L 2 oc (J7t), since otherwise we can pass to Steklov averages. First, 
note that 



(2.3) 
and 



s - I 



-l+A 



s - I 



-2A 



ds < 70", 



di« 



> 2^-0 



s-l 



-l + A 



-l+A 



-2A 



ds 



s-l 



-l+A 



-2A 



ds = — 
2 



5 

u — I 



s-l 
(1 + *) 



-2A 



(ii — s)ds 



- 1+A z- 2A dz 



(2.4) 



> 76 G 



Let 77 be the standard molliher in R™ and as usual ^ CT (a;) = ). Set u a — r) a * u. Let e > 0. 
Test (fT3|) by defined by 



(2.5) 



ip(x,t) = 



u <T (x,t) 



1 



- 1 



-l+A 



-2A 



ds 



H(x,t)\ 



J + 



and h = s - 5 2 -PpP, t 2 = t. 

Using first (|2.3[) on the right hand side, then passing to the limit a — )• on the left, after applying 
the Schwarz inequality we obtain for any t > 



3 



L(t) Jl 



U fW 



dw 



- 1 



-I 



-1 + A 



-1 + A 



- I 



- I 



-2A 



ds£_ k dx 



-2A 



\Vu\ p £ k dxdt 



< 



u pw 



dw 



L Jl 



7" 



S" 



1 

u — I 



s - I 

l-A 



-1 + A 



u — I 



-2A 



ds^tl^dxdt 



2 A 



P-l 



^-^2;dt + 7( 5 3 -VM(Sp(y))- 



Passing to the limit e — »• on the right hand side of the above inequality and using the Fatou lemma on 



the left, by (|2.4j) we obtain the required 
Now set 



□ 



(2.6) 



u(x,t) 



- I 



-I 



The next lemma is a direct consequence of Lemma 12.11 
Lemma 2.2. Let the conditions of Lemma \2.1\ be fulfilled. Let A < min{p — 1, r^f , Th 

' u — I 



ev 



G 



L(t) 



^dx + 5 p -' z I I \X7*lj\ P Z k dxdT 



(2.7) 



< 



s p - 



- I 



l-2A(p-l) 



- I 



2A(p-l) 



e- p dxdT +7 ^ T/i (B p (y)) 



Proof. Follows directly from the previous lemma and the condition on A. 



□ 



3 Proof of Theorem 11.11 

3.1 Construction of the iteration sequences {@j,N{t))j- 

j_ i 

Let (xq, to) G f^T- We further assume that Rq < min{l, dist (xq, dCl), <q , (T — to) f> } and R < Rq. Set 

Qr{xqM) = Br{x ) x {t -R p ,t + R p ). 

Set Pj = 2-m, B 3 =B P] {x ). 

Let £j 6 C yD (Bj), 1b j+1 < £j < Is., with |V£j| < SpJ 1 , where here and below Is stands for the 
characteristic function of the set S. 

The sequences of positive numbers (Ij)jtzjq and (Sj)j e n are defined inductively as follows. 
Set i_i = 0, lo = Pq, (5-i = lo — l-i = Po- Let £> > 1 be a number satisfying 

(3.1) B 2 - p (2R f < mm{t , T - t } 

which will be fixed later. 

Let j > 1. Suppose we have already chosen the values Zj, i = 1,2, . . . ,j and Si — Zi+i — Z.j in such a 
way that Si < Bp^ n , i = 0, 1, 2, . . . ,j - 1. 

Let Z e (Zj + %i,Zj + BpJ n ), 5 3 {l) = I - l 3 . 
Take the interval 
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Let us divide lj into the equal parts by the points Tj m , m — 1, 2, . . . , M*(j), in such a way that 
(3-2) \s 2 rfpP < T* m+1 r* m < U 2 r\p% and M*(j) < ^B^pf^S^l 

Let 9 € C*°°(R) be such that < 9 < 1, 0(s) = if |s| > 1, 0(s) = 1 if \s\ < 2^p and |0'(s) < j(p). 

Set 

9l m (t,l) = 9(6 J (ir- 2 pj p (t-rl m )) 

Note that 

J2 Ol m (tJ)>l Ir 

771—1 

For a fixed j > 1 and every m = 1, 2, . . . M*(j) we define 



( 3 - 3 ) + ess sup -1 / G O(aO fc [0* w (t, 0]^*, 

and set A*(l) — max A* m (0, 

JV ; l<m<M»0') 3 ' 

where 

Lj = S : u(x,t) > lj}, Lj(t) = {x e SI : u(a;,i) > L,}, 

G is defined in (|2.f j) and fc will be fixed later. 
It follows from (|3.3[) that 



(3.4) 



where 



A* m {lj +BpJ n ) < 3B" 1 ess sup / \u\dx < SB^cr^ 

o<t<T Jb Rq 



cr =esssup / \u\dx. 

0<t<T Jb Ro 

Fix a number h G (0, 1) depending on n,p, c%, C2, which will be specified later. Choose B such that 

(3.5) B- 1 ^ < Z 

This implies that A*(lj + BpJ n ) < ^. Note that there exists a small enough Rq such that (|3.1[) and 
(|3.5[) are consistent (with some B > 1). 
If 

(3.6) i4 *(j. + fa)< Xj 

we set <5j = and = ij + 

Note that A* (I) is continuous as a function of i. So if 

(3.7) a;(J j - + ^)>x, 

there exists I e (Zj + lj + BpJ n ) such that A* (J) = ^. In this case we set lj + i = I and Sj = — lj 
in both cases. 

Note that our choices guarantee that 

(3.8) A 3 {l J+1 )<x. 
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Next we construct the sequence (0j,jv(*))iVeN of the cut-off functions. 

Since \5j-i < Sj < BpJ n , we can choose a subset {m(l), . . . ,m(M(j))} of the set {f , . . . ,M*(j)} 
such that 

( 3 - 9 ) E [^m(iv)(Mi + i)] >1 foralUe(t -S 2 -^,to + S 2 -^), 

N=l 

( 3 - 10 ) ^/l^wft+i)^ in, +1 =*, + %i, 

(3.11) kw<m(j) = x if > 'j + 

Set j>N (t) = e* MN) (tJ j+1 ) and A jiN (l j+1 ) = A* , m(JV) (/ j+ i) for 1 < TV < M(j). Then O-fm]) 
imply that 

s 

(3.12) = max Aj. N (l j+1 ) < x if = ^ + , 

l<7V<Af(j) Z 



(3.13) A,-(Zj*_|_i) = max A^jvfe+i) = x if ij+i > + 



"'^ J A 7,iv V "7+1 / — ^ Ai "7+1 ^"71 „ ) 
l<AT<M(j) ^ W J J 2 



(3.14) 2 9 jMN) (t,l j+1 ) k > 1 foralUe (t -B 2 -Vf^o + S 2 - p 



JV=1 



For a fixed N such that 1 < TV < M(j) using (13. 14)) define the finite sequence N(i), i — 1,2, ... , i(iV, j), 
1 < iV(i) < M (j — 1) so that k — p > 1 and there exists 7 > such that 

(3.15) 



3.2 Main lemma 

The following lemma is a key in the Kilpelainen-Maly technique [7]. 



Lemma 3.1. Let the conditions of Theorem \l.l\ be fulfilled. There exists 7 > depending on the data, 
such that for all j > 1 we have 

(3-16) S 3 < k-x + 7 p 2 +7 ( 4^KB 3 ) ) . 



P 



2 

Proof. Fix j > 1. Without loss assume that 

(3.17) ^>i^_i, ^ >p 2 , 

since otherwise (|3.16p is evident. The second inequality in (13.17)) guarantees that Aj(lj + i) = x. 
Next we claim that under conditions (13.171) there is a 7 > such that 

(3.18) s r 2 Pj iP+n) JJ ijO j>N dxdT<^/H. 



Indeed, for (x, t) e Lj one has 



(3.19) 

bj-! dj-! 



U (x,t) - = 1 M(-T,t) - > 1 



G 



Hence 

5 <5S* « ,S5-„ / i (^) £f*W * * -<»' 

which proves the claim. 
Recall that 

Nih+i) = I! (^ir 1 ) ^) k - p [o 3 M{t)f' p dxdt 

^3 20 ^ P 3 JJ{u>i } } \ °j J 

+ esssup -I / G f 6(:c) fc [0 i>JV (t)]*da:. 

* J{u>/,} V 6 3 J 

Let us estimate the terms in the right hand side of (I3.20P . For this we decompose Lj as Lj = L'j U L" , 
(3.21) L;. = |(^t)eX 3 . : L '!= Lj \L' p 

where e G (0, 1) depending on c%, c-i is small enough to be determined later. By p.!8[) we have 



6 P - 2 
< - J - ! -e 



S p-2 i(N,j) 



Pj i=i JJLj-i V 



< ^ i) ^ max ^ //^ (^) 



< e 



Set 



1 / r (:M) / S -L\~^ fa -I 



and 



P(A) 



p — 1 — A 

The following inequalities are easy to verify 

(3.24) c^j(x,t) pw < ^El^JLli for (x,t) € Lj, and 

"3 

(3.25) "fo*)~*J < c(e)V , (X)t )P(A) ; ( Xtt )eL». 

6 3 

Hence 

pT v ./.// V *j 



(3 - 26) / („ (^) < 7(e) £ / ^^-^^ 
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The integral in the second terms of the right hand side of p.26[) is estimated by using the Gagliardo- 
Nirenberg inequality in the form [51 Chapter II, Theorem 2.2] as follows 



Pj JJL ] 

E. 

C-S.27) < 7 ( sup i r / ^%B J>N dx) [- 



1 

n n I i 

Pj JJl, 



V ^ 



(k-p)n (k-p)n 
p(n + p(A)) /jp(n + p(A)) 



t Pj JL 3 (t) 

Let us estimate separately the first factor in the right hand side of (|3.27p 

U-lj 



dx dr 



(3.28) 



SU P~^ / W £,jQj,Ndx < c^sup — / - J £_je^ N dx 

t Pj Jl,® t Pj J Lj (t) Oj 



by mm _ x 1 Sj-! f u - 

< c sup— / — — £j6 j<N dx 



/ -1 1 



Sj-i 



x — 1 ^{(NJ) max 



by IIXT9 

i Pj dj 
by GSJ /A. 1 \ P_1 

< 2"c" 1 (-^i) A j - 1 (l j )<>yx. 



G 



l<i<M{j-l) J L] l(t) V 5 3-l 



U \ tk ah 

^j-l°j-l,N{i) ax 



Combining (l3T26|) . (f3T27|) and ([3^28)1 we obtain 



n-\-p II \ X 



e k-pnk-p 
*3 °J,N 



dxdr 



(3.29) 



< 7 (e)^ V 



(fc-p)n (fc-p)n 



da; dr. 



For the last term in the above inequality we estimate by (|3.18p and (|3.24[) 



^\^\ P 0j, N dxdT< 7 5?- 2 pJ n - p 



^i-i E 9 j-i,N(» dxdT 



<^- 2 P T n -H(N,j) 



J rj 



l<i<M(J-l)J J Lj 



- I \ P-!- A 

Sj-1 a j-l,N{i) ax aT 



by (IXT71 

< 7<TiV~ p 

(3.30) <7^ i _ 1 (i J -)<7>f. 
By Lemma [ 



u — L-_i 



* p^fc p dxdr 
s j-i .1-1, JVU) 



1 



-I, 



Pj 7L j( t) V d. 



6 P ~ 2 rr 

Pi J J Li 



— ' p+n 

Pi 



U — In 



l-2A(p-l) 



It — L 



2A(p-l) 



$- p 6 k r N p dxdT 



(3.31) 



p— n 

+7-£rMS w (i/)). 
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Using the decomposition (|3.21[) and the first inequality in Q3.17P we have 

rr / ; \ l-2A(p-l) / , \ 2A(p-l) 

< 7£ 2A(p-l)^-2 p -(n+p) J J c j() xlLl . llT 

(3.32) < 7 e 2A ( p - 1 ^ + 7(e)>r. 

Thus we obtain the following estimate for the first term of 



f f ( u — U 



^{x) k - p [6^ N (t)] k - p dxdT 



p] +p JJ Lj \ 

(3.33) < 7£ 2A (f- 1 )^ + 7 ( £ )^ (W^VPM^)) • 

Let us estimate the second term in the right hand side of (I3.20j) . By p. 311) we have 

r r / _i \ 1-2AO-1) / _ ; \ 2A( P -i) 

(by using the decomposition p.21[) and (I3.33[l ) 

(3.34) < 7£ 2 ^ 1 )> f + 7 ( f )^ (x+^-^->(^)) + 7 5)-^->(B J ). 

Combining p.32[) and (|3.34p and choosing e appropriately we can find 7 i and 7 such that 

(3.35) x< 7 i*" (x + 5]->Pm(^)) + 7 ^- p pf>(^)- 
Now choosing x < 1 such that 

(3.36) x^ = -L 

2 7 i 

we have 

(3.37) 6j < 7 ( P fV(i? J ))^ T , 

which completes the proof of the lemma. □ 
In order to complete the proof of Theorem 11.11 we sum up (|3.16[) with respect to j from 1 to J — 1 

I J < l6 + 7 £ p) + 7 £ (pfV(5, )) ^ 

(3.38) <7(^ + i? 2 + M^(x ,i?)). 

It remains to estimate Sq. There are two cases to consider. Either Sq = \p\ = ^R 2 , or l\ and So are 
defined by Aq(Ii) = x with x fixed in the proof of Lemma [6. II by (|3.36p . It follows that there exists m 
such that A^ m (h) = x. 

Using the decomposition p.21j) with e chosen via x, and Lemma \2 . 2 1 together with (|3.2[) one can see 
that 



supiT" / G f^)&(»)flb, m (t)ito<x/2 + 7^ ? // 

t i{u>/ } \ oo y R n+P JJ{u>i } V <5o 

+ 7 ^- p J R"-V(Sfl). 



dx dr 
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Then by (|3.20p we conclude that either 
(3-39) IJ ^ ^ {^-) Ux) k - p [Oo. m {t)] k -vdxdt > 7, 
or else 

(3.40) d^ 1 < 1 RV- n ii(B R ). 
In case of (|3.39[) wc obtain 

(3.41) 5 3 - p < 7 J J u + t o 0o, m dxdt. 

Combining this with the first case and chosing Ro such that B 2 ~ p Rq < min{to,T — to} we have 

(3.42) So < 7 J (-^ / / u+dxdt) + R 2 + (^h(Br)) " 

Hence the sequence (lj)j^ is convergent, and Sj — > (J — > oo), and we can pass to the limit J — > oo 
(|3.38p . Let I = limj^oo lj. From (|3.8[) we conclude that 



(3-43) -TZvll a A u - 0+ < 7*^"" (i^ 00 )' 

Choosing (a;o,io) as a Lebesgue point of the function (u — Z) + we conclude that w(xo,io) < ' and hence 
it(:Eo,£o) i s estimated from above by 

i 

3-p 



(3.44) u (a: , t ) < j I R 2 + I / / + W£(x , 2R) 

\ yR p+ J J B a x (t —B 2 -pRP , t +B 2 ~P R@) J 

Applicability of the Lebesgue differentiation theorem follows from 6, Chap. II, Sec. 3]. This completes 
the proof of the first assertion of Theorem ll.il Estimate (ii) is immediate consequence of (|3.44|l . □ 

4 Example of application 

In this section we give an application of our main result, Theorem 11.11 to the weak solution of the 
following model initial boundary value problem. 

u t - A p u = n, (x, t) eQ = B r x (0, T), 
(4.1) u(x, t) = 0, (x, t)eS= 8B R x (0, T), 

u(x, 0) = 0, X £ Br, 

where fi is a (positive) Radon measure on Br. 

Before formulating the result we need to clarify what we understand by the weak solution to the 
initial boundary value problem (|4.1[) . We assume that 



u G C([0,T];L 2 (B R )) nL p ({0,T);W 1 ' p (BR)) and u(t,-) -> in L 2 (B R ) as t -4 0. 

1 p 2-p 

Proposition 4.1. Let u be the weak solution to problem (|4.1[) . If T > A?- 1 Rp- 1 ^i(Br)p- 1 then 
(4.2) esssup u(x,t) < ~f \ ( —r) " + R 2 + sup Wg(x, 2R) \ . 

B R x(T/4,3T/4) [\ RP ) B R J 

Otherwise, 



(4.3) esssup u(x,t)<j 

B H x(T/4,3T/4) 



RP\ f> 
~T~ 



mpW${x,2R) 

Br 



R 2 +supWg(x,2R) } . 

Br 
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Proof. We start with a proof of the following inequality 



(4.4) sup / \u\dx < Tfj,(B R ). 

0<t<T JB R x{t} 

As in the proof of Lemma 12.11 we need the test function for (|4.1j) to be continuous with respect to the 
spatial variable to make it /i-measurable. It is clear that u can be approximated by the functions u n 
which are step functions with respect to t on (0,T) with values in Cq°(B r ). Without loss u n — > u 

o 

pointwise almost everywhere and in L p ((0,T) ; W 1 ' p (B R )^j . Now, by Vh we will denote the symmetric 



r. 



Steklov average Vh(x,t) = J._, v(x, r)d 

Taking t\ > and t% — t < T in the integral identity (11.51) . testing it with 

( \ ^ n 

and noting that \ip\ < 1 we obtain 

f I Mr u {U : i ]\ d X dr+ f f (Vu|Vur 2 ) £ \ {u - )h dxdr < {t-h)^B R ). 

JtxJB R \(Un)h\+£ JttJBa (\(u n ) h \+e) 

In the above inequality we first pass to the limit n — > oo. Next passing to the limit /i->0we obtain 

h , s, , , , I \ /" , |u(a;,t)|+£ , /"* /" |Vu| p , , , , . . 

(Ju(x, t)\ — \u(x, ti)\)dx — e / hir— - dx + e / / ^j— : ^dxdr < (t — t\)[i{B R ). 

J b r \u(x,ti)\+e J tl J Br (\u\ + e) 



Passing to the limit e — > in the above inequality and then t\ — > we prove (|4.4[) . 
Next, in the proof of Theorem 1 1.1 1 we choose B as B = T/i(B R ). 
Let a S (0,1]. We divide the cylinder Q into the union of the cylinders 

Q aR (x,t) = B aR {x) x {t-B 2 -P{aR)P,i+B 2 -P{c-Rf). 

We are going to apply estimate (ii) of Theorem 1 1.1 1 for the points (x,t) in the form 

(4.5) u(x, t) < 7 | R 2 + ( — ess sup / u+dx ) + Wg(x, 2R) 1 . 

I V^" 0<t<T JSfl / ' J 

For this a has to satisfy the condition 

B 2 - p {aR) < %. 

4 

So we choose cr = minjl, (±) $ R^T 2 ^ ^{B R )^ }. 

In case T > 4p TrT i?p^ T //(-Bfj)p :rT we obtain (14.21) from (|4.5I) and (|4.4p . In the opposite case we have 

2 



<l{vRT n / |u|dx + 7 W^(a;o,2i?)+7i? : 

< j(aR)- n Tfx(B R ) + <yW£(x ,2R) + jR 2 
< (I)-f r 1 -^^^) 1 -^ + yW£(x , 2R) + 1 R 2 . 

Taking supremum over the cylinder B R x (1/4T, 3 /AT) we obtain (|4.3I) . □ 
Acknowledgement. The authors would like to thank the anonymous referee for valuable comments 
and for pointing out some discrepancies in the first version of the manuscript. 
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